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Brillouin laser oscillators offer powerful and flexible dynamics as the basis for mode-locked lasers,
microwave oscillators, and optical gyroscopes in a variety of optical systems. However, Brillouin
interactions are exceedingly weak in conventional silicon photonic waveguides, stifling progress to-
wards silicon-based Brillouin lasers. The recent advent of hybrid photonic-phononic waveguides
has revealed Brillouin interactions to be one of the strongest and most tailorable nonlinearities in
silicon. Here, we harness these engineered nonlinearities to demonstrate Brillouin lasing in silicon.
Moreover, we show that this silicon-based Brillouin laser enters an intriguing regime of dynamics, in
which optical self-oscillation produces phonon linewidth narrowing. Our results provide a platform
to develop a range of applications for monolithic integration within silicon photonic circuits.
INTRODUCTION
With the ability to control the optical and electronic
properties of silicon, the field of silicon photonics has pro-
duced a variety of chip-scale optical devices [1–3] for ap-
plications ranging from high-bandwidth communications
[4] to biosensing on a chip [5]. The rapid proliferation of
these technologies has spurred interest in strategies to re-
shape the spectral and coherence properties of light for a
wide array of on-chip functionalities. One promising ap-
proach to customize on-chip light involves using the non-
linear optical properties of silicon to create optical laser
oscillators [3]. For example, Raman nonlinearities have
been harnessed to create all-silicon Raman lasers [6, 7].
Brillouin interactions, produced by the coupling between
light and sound, could offer a complementary set of be-
haviors and capabilities for laser technologies in silicon.
By exploiting these nonlinearities in a variety of physi-
cal systems, Brillouin lasers have been designed to yield
everything from frequency-tunable laser emission [8] and
mode-locked pulsed lasers [9] to low-noise oscillators and
optical gyroscopes [10–13].
Within an optical cavity, Brillouin lasing occurs when
optical gain from stimulated Brillouin scattering (SBS)
overcomes round-trip loss. This nonlinear light-sound
coupling is typically strong, overtaking Kerr and Raman
interactions in most transparent media. However, the
same integrated silicon waveguides that enhance Raman
and Kerr nonlinearities tend to produce minuscule Bril-
louin couplings due to substrate-induced acoustic dissi-
pation [14]. The recent advent of a class of suspended
waveguides—which tightly confine both light and sound—
has enabled appreciable nonlinearities through forward
stimulated Brillouin scattering [14–17]. While these sus-
pended structures have produced large optical Brillouin
gain [15, 16] and net amplification [17, 18], innovative
strategies are needed to translate Brillouin interactions
into silicon laser oscillators [19, 20].
We demonstrate a Brillouin laser in silicon by lever-
aging a form of guided-wave forward Brillouin scatter-
ing, termed stimulated inter-modal Brillouin scattering
(SIMS), which couples light fields guided in distinct op-
tical spatial modes [19, 21, 22]. Our silicon Brillouin
laser system is fabricated from a single-crystal silicon-
on-insulator (SOI) wafer (supplementary materials 6.2)
[23]. The laser is composed of a 4.6-cm long racetrack
resonator cavity with two extended Brillouin-active gain
regions (Fig. 1A). Throughout the device, light is guided
by total internal reflection using a ridge waveguide (Fig.
1Ei). This multimode waveguide provides low-loss guid-
ance of both symmetric (red) and antisymmetric (blue)
TE-like spatial modes (with respective propagation con-
stants k1(ω) and k2(ω)), yielding two distinct sets of high
quality-factor (Q) cavity modes with slightly different free
spectral ranges (FSR) (Q1 ∼= 2.4×106,FSR1 ∼= 1.614 GHz
and Q2 ∼= 4 × 105,FSR2 ∼= 1.570 GHz, respectively; see
supplementary materials 3.7) [23]. Simulated electric field
profiles for these two optical spatial modes are shown in
Fig. 1Eiii-iv. To access the cavity modes, we use a direc-
tional coupler that couples strongly to the antisymmetric
and weakly to the symmetric mode, yielding a character-
istic multimode transmission spectrum (Fig. 1B).
Optical gain is supplied by forward inter-modal Bril-
louin scattering within the Brillouin-active segments (dark
gray). These regions are created by removing the oxide
undercladding to yield a continuously-suspended waveg-
uide that produces large inter-modal Brillouin gain (Fig.
1C). In addition to low-loss optical modes (Figs. 1Eiii-iv),
this structure also supports guidance of a 6 GHz acous-
tic wave (Fig. 1Eii), which mediates efficient Brillouin
coupling between symmetric and antisymmetric optical
modes. By contrast, the fixed waveguide bends do not
permit acoustic guidance. The Brillouin-active waveguide
structure is identical in design to that described in Ref.
[19], which yields a peak inter-modal Brillouin gain co-
efficient of Gb ∼= 470 W−1m−1 at a Brillouin frequency
(Ωb) of 6.03 GHz with a resonance bandwidth of 13 MHz
(full width at half maximum, FWHM). For efficient non-
linear coupling, this scattering process requires that both
energy conservation (ωp = ωs + Ωb) and phase-matching
(k2(ωp) = k1(ωs) + q(Ωb)) conditions be satisfied. Here,
ωp and ωs are the respective pump and Stokes frequen-
cies, and q(Ω) is the wavevector of the acoustic wave. In
inter-modal Brillouin scattering, these conditions produce
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FIG. 1: Schematic of laser cavity and basic operation. (A) The Brillouin laser consists of a multimode racetrack cavity with
two Brillouin-active regions (dark gray). Pump light (blue) is coupled into the antisymmetric spatial mode of the racetrack
resonator. Inter-modal Brillouin scattering mediates energy transfer from the pump wave (antisymmetric) to the Stokes wave
(symmetric). (B) The idealized transmission spectrum for the racetrack cavity. Narrower (broader) resonant features correspond
to the symmetric (antisymmetric) resonances. Brillouin lasing occurs when the resonance condition for the pump (antisymmetric)
and Stokes (symmetric) waves are simultaneously satisfied. (C) and (D) illustrate cross sections of the suspended Brillouin-active
region and the racetrack bend, respectively. (Ei) Dimensions of Brillouin-active waveguide. (Eii) Strain profile xx(x, y) of the
6 GHz Lamb-like acoustic mode that mediates inter-modal scattering. (Eiii) and (Eiv) plot the x-directed electric field profiles
(Ex) of the TE-like symmetric and antisymmetric optical modes, respectively.
a form of phase-matched symmetry breaking that decou-
ples the Stokes from the anti-Stokes process, permitting
single-sideband amplification [19].
Laser oscillation of the symmetric cavity mode occurs
when Brillouin gain matches the round-trip loss, produc-
ing coherent laser emission at the Stokes frequency (ωs).
These lasing requirements are met by injecting pump light
(of power Pp) into an antisymmetric cavity mode that is
separated in frequency from a symmetric cavity mode by
the Brillouin frequency (Fig. 1B). Because the FSRs of
the two sets of cavity modes differ by 3.1%, this resonance
frequency condition is satisfied by symmetric and antisym-
metric cavity mode pairs that occur frequently (every 0.40
nm) across the C-band (from 1530-1565 nm). When this
dual-resonance condition is satisfied and the pump power
exceeds the threshold power (Pp > Pth), the Stokes field
builds from thermal noise (produced by spontaneous Bril-
louin scattering) to yield appreciable line-narrowing and
coherent Stokes emission at frequency ωs = ωp − Ωb.
Many properties of this system could prove advanta-
geous for scalable and robust integration of Brillouin lasers
in complex silicon photonic circuits. Because this laser
uses a forward scattering process, it alleviates the need
for on-chip isolator and circulator technologies that would
otherwise be necessary to integrate traditional Brillouin
lasers (which use backward SBS). In addition, as this Bril-
louin nonlinearity is created through structural control, it
is possible to independently engineer a range of character-
istics, including Brillouin frequency, acoustic dissipation
rate, and Brillouin gain, providing a flexible and robust
laser design space. Moreover, the multimode properties of
this system eliminate size constraints that are present in
backward Brillouin lasers (i.e., FSRs that must correspond
to Brillouin frequencies) and provide exceptional control
over cascading dynamics (supplementary materials 5.4).
Brillouin lasing was investigated by injecting
continuous-wave (cw) pump light into an antisym-
metric cavity mode while analyzing the emission of
Stokes light from a symmetric cavity mode. The power
and coherence properties of the emitted laser light were
characterized through high-resolution heterodyne spectral
analysis (Fig. 2A) [23]. The threshold and slope efficiency
of this laser were quantified by measuring the total
emitted Stokes power as a function of pump power (Fig.
2B). These data reveal a threshold on-chip pump power
of 10.6 mW, corresponding to an intracavity power of 19
mW. This laser threshold agrees well with the condition
for net amplification in Brillouin waveguides of this design
[19]. Further analysis of these data reveal an on-chip
slope efficiency of 3% (supplementary materials 1.3.2 and
4.1) [23].
As the pump power increases, the emitted Stokes light
exhibits spectral compression characteristic of laser oscilla-
tion. When the emitted Stokes spectrum is broader than
the linewidth of optical local oscillator (∼ 13 kHz, de-
rived from the same source as the pump wave), the hetero-
dyne microwave spectrum provides an excellent represen-
tation of the emitted Stokes linewidth. Fig. 2C compares
the Stokes spectrum emitted by the laser (red) with the
spontaneous Stokes spectrum emitted from an identical
Brillouin-active waveguide segment (gray) in the absence
of optical feedback. We see that optical feedback produces
spectral compression by a factor of ∼ 103; the relatively
broad spontaneous Stokes spectrum (FWHM∼= 13.1 MHz)
is compressed to a resolution-limited value of 20 kHz.
Heterodyne spectral analysis was used to measure the
emitted Stokes linewidth below threshold at various Stokes
powers (see Fig. 3A and red points of Fig. 3C). A comple-
mentary sub-coherence self-heterodyne technique charac-
terizes the laser coherence at higher powers (see Fig. 3B-C
and supplementary materials 2) [23]. Above threshold, the
Stokes wave becomes exceptionally coherent with the in-
3A
Pump
1535 nm ωp
ωp ωp + 2pi × 44 MHz
ωp,ωs Photo-
receiver
Bus waveguide
Racetrack cavity
EDFAEDFA
Laser model
Experimental data
0
5 10 15 20 25
0
5
10
15
20
3 6 9 12 15
0.03
0.06
0.09
0.12
0.15
Input pump power (mW)
Intracavity pump power (mW)
O
ut
pu
t S
to
ke
s 
po
w
er
 (m
W
)
In
tr
ac
av
ity
 S
to
ke
s 
po
w
er
 (m
W
)
10.6 mW
×107
Lasing spectrum
Spontaneous  spectrum
13 MHz
20 kHz
- 15 - 10 - 5 0 5 10 15
0.01
0.02
0.03
0.04
0.05
Frequency (ω - ωs)/2pi  (MHz)   
   
   
   
 S
pe
ct
ra
lD
en
si
ty
 (m
W
//
kH
z)
-150 0 150
0.01
0.03
0.05
Frequency (kHz)
   
   
   
   
  S
pe
ct
ra
lD
en
si
ty
 (m
W
/k
H
z)
AOM
RF spectrum
analyzer
B C
0.00
FIG. 2: Experimental apparatus and laser threshold behavior. (A) Apparatus used for heterodyne spectroscopy. Continuous-wave
pump light (Agilent 81600B, linewidth = 13 kHz) used to initiate Brillouin lasing is amplified using an erbium-doped fiber amplifier
(EDFA) and coupled on-chip using grating couplers. Laser light is frequency shifted (+44 MHz) by an acousto-optic modulator
(AOM) in a reference arm and combined with the output Stokes light for heterodyne detection. (B) Theory and experiment for
the output laser power vs. input pump power. Intracavity pump powers are estimated using the transmitted pump power and
the detuning from resonance, while intracavity Stokes power is determined from the measured bus Stokes power and comparison
with the theoretical model (supplementary materials 4.1) [23]. (C) Heterodyne spectra of spontaneously scattered Stokes light
from a linear waveguide (multiplied by 107) and the linewidth-narrowed intracavity laser spectrum above threshold.
cident pump field, with an excess phase noise linewidth
(∆νb) of less than 800 Hz (corresponding to a compres-
sion factor of 104). Due to the three-wave dynamics in
this system, this phase noise corresponds directly to the
phonon linewidth, revealing phonon linewidth narrowing
far below that of the incident pump field. This behavior
represents a marked departure from the linewidth narrow-
ing dynamics conventionally exhibited by Brillouin lasers.
To understand our experimental observations, we de-
rive simple analytical and numerical models that describe
the basic spatial and temporal behavior of laser oscilla-
tion in this system (see supplementary materials 2) [23].
Steady-state analysis of the coupled envelope equations re-
veal that this silicon laser exhibits spatial dynamics (i.e.,
field evolution along the direction of propagation) that
are characteristic of Brillouin lasers. Specifically, because
the phonon field is spatially heavily damped and the only
feedback mechanism is optical, this laser produces opti-
cal self-oscillation of the Stokes wave (see supplementary
materials 1.1) [23]. Building on established treatments
of Brillouin laser physics[24, 25], a simplified mean-field
model was developed to explore the salient features of the
temporal dynamics. This model incorporates parameters
that are consistent with the measured resonator and non-
linear waveguide characteristics (see supplementary mate-
rials 3.5,3.8) [23].
Well above threshold, this model predicts Stokes emis-
sion that is highly coherent with the incident pump field,
with an excess phase noise linewidth given by
∆νb =
Γ
4piβ2
(nthb + n
th
s + 1). (1)
Here, Γ is the intrinsic acoustic dissipation rate, β2 is the
coherently-driven phonon occupation number, nthb is the
thermal occupation number of the phonon field, nths is av-
erage thermal occupation number of the symmetric mode
of the optical resonator (nthb ≈ 103 and nths ≈ 0), and
the +1 is due to vacuum fluctuations. As a result of the
three-wave dynamics of this system, the pump-Stokes co-
herence provides a direct window into the spectrum of
the distributed acoustic wave (see supplementary materi-
als 1.3) [23], revealing that this regime of Brillouin lasing
produces Schawlow-Townes linewidth narrowing of the co-
herent acoustic field. While closed-form analytical expres-
sions for phase noise are tractable well below and above
threshold, stochastic numerical simulations are necessary
to model the noise characteristics in the vicinity of laser
threshold (see Fig. 3C), revealing good qualitative agree-
ment with our measurements.
These linewidth narrowing dynamics are distinct from
those typically produced in glass-based Brillouin lasers
[10, 24], which yield Schawlow-Townes optical linewidth
narrowing (see supplementary materials 1.6-7) [23]. In this
silicon system, phonon linewidth narrowing arises from an
inverted dissipation hierarchy in which the phonon tem-
poral dissipation rate is much smaller than the optical dis-
sipation rates for the pump and Stokes cavity modes (i.e.,
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FIG. 3: Linewidth measurements. (A) Standard heterodyne spectroscopy apparatus to measure the pump-Stokes excess phase
noise (or phonon) linewidth (∆νb), given by the FWHM of the heterodyne spectrum. (B) Sub-coherence self-heterodyne apparatus
used to probe the phonon dynamics at higher output Stokes powers (supplementary materials 2) [23]. The phonon linewidth is
determined by measuring the fringe contrast or coherence between output Stokes and pump waves (C). (C) Experimental and
theoretical comparison of phonon linewidth (∆νb) as a function of peak spectral density. Below threshold we use standard
heterodyne spectroscopy (A), (dark red data points). At higher powers, this measurement becomes resolution bandwidth limited
(supplementary materials 4.2) [23]. For this reason, we use the sub-coherence self-heterodyne technique (B), yielding the blue
data points (error bars represent the 95% confidence interval of fits to data, supplementary materials 4.2) [23].
γp, γs  Γ), in contrast to the temporal dissipation hierar-
chy conventionally realized in Brillouin lasers (γp, γs  Γ)
[25]. As a result, this silicon Brillouin laser simultaneously
operates where the spatial acoustic decay length (63 µm)
is far smaller than the optical decay length (∼0.1-1 m),
while the intrinsic phonon lifetime (77 ns) exceeds that of
the optical fields (∼ 2-12 ns). This combination of spatial
and temporal dynamics is made possible by the unusually
large Brillouin coupling in this system (∼ 103× that of
silica fibers) and the disparate velocities of the interacting
light and sound waves.
The observed phonon coherence is reminiscent of that
produced in optomechanical self-oscillation [22, 26, 27]
(phonon lasing). However, in contrast to phonon lasers,
this Brillouin laser does not possess a phonon cavity
that permits acoustic feedback necessary for phonon
self-oscillation (see supplementary materials 1.7.3-4) [23].
Here we show that, despite large acoustic spatial damp-
ing and lack of phonon feedback (i.e., more than 1000
dB round-trip acoustic propagation loss), optical self-
oscillation of the Stokes wave produces linewidth narrow-
ing of the acoustic field, as long as the temporal acoustic
dissipation rate is lower than that of the optical fields. In
this way, this system is analogous to an extreme limit of
singly-resonant optical parametric oscillator physics, with
a slow, ballistic, and long-lived idler wave (see supplemen-
tary materials 1.7) [23]. Interestingly, other Brillouin laser
systems may have operated near or in this temporal dis-
sipation hierarchy [28–30]. However, these dynamics were
not identified. It is due to the stability of this monolithic
silicon system that we are able to study this unusual com-
bination of spatial and temporal dynamics.
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1 Model of inter-modal Brillouin laser dynamics
In this section, we present a simple model that describes the salient features of the dynamics of our
inter-modal Brillouin laser. In what follows, we first explore the spatial dynamics of this Brillouin laser.
This approach allows us to identify the origin of laser oscillation in this system and derive the threshold
condition. We also show that the spatial behavior of this system is identical to conventional Brillouin
lasers. After analyzing the spatial dynamics, we make a series of approximations to develop a mean-field
model of the laser physics — a reduction that is adequate to capture the essential aspects of the temporal
dynamics. After discussing the validity of this model, we corroborate the laser threshold and then derive
the slope efficiency and noise properties. In particular, we show that in contrast to the temporal dynamics
conventionally exhibited in Brillouin lasers, optical self-oscillation in this system causes the phononic
degrees of freedom to undergo strong spectral compression.
1.1 Spatial dynamics and origin of laser oscillation
Stimulated Brillouin scattering is a three-wave interaction that produces spatial stimulated optical gain.
These characteristic Brillouin dynamics arise because the spatial decay rate of the phonon field is much
larger than the spatial optical decay rates. In this section, we show that this silicon Brillouin laser exhibits
spatial dynamics which are consistent with other Brillouin lasers. Due to the large acoustic spatial decay
rate, the phonon field can be eliminated from the spatial equations of motion, resulting in exponential
spatial amplification for the Stokes field while the phonon field strength is given by the local optical beat
note between pump and Stokes fields (31,32). We also derive the threshold condition and show that laser
oscillation occurs when round-trip optical Brillouin gain balances round-trip optical loss of the Stokes
wave.
We begin our analysis from the envelope equations of motion (33,34) given by
A˙p + i!pAp + vg,pA
0
p +
1
2
vg,p↵pAp =  ig˜AsB (1)
A˙s + i!sAs + vg,sA
0
s +
1
2
vg,s↵sAs =  ig˜⇤ApB† (2)
B˙ + (i⌦b +
1
2
 )B   vg,bB0 =  ig˜⇤ApA†s . (3)
Here, g˜ is the distributed Brillouin coupling, vg,p (vg,s) is the group velocity of the pump (Stokes)
field, vg,b is the group velocity of the phonon field, and ↵p (↵s) is the spatial decay rate of the pump
(Stokes) field in the inter-modal waveguide. To simplify our analysis of the threshold condition, we move
to the rotating frame, assume an undepleted pump, and solve for the steady-state spatial dynamics. The
resulting coupled slowly-varying envelope equations are
vg,sA
0
s =  ig˜⇤ApB†  
1
2
vg,s↵sAs (4)
 vg,bB0 =  ig˜⇤ApA†s  
1
2
 B. (5)
From these governing equations, the formal solution of B(z) is
B(z) =
 ig˜⇤Ap
vg,b
Z L
z
dz0A†s(z
0)e
 (z z0)
2vg,b . (6)
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This expression greatly simplifies by recognizing that the Stokes wave varies very slowly compared
to the spatial decay length of the phonon field. This fact allows us to pull the Stokes envelope out of the
integral, resulting in a simple spatial solution of the phonon field:
B(z) =
 2ig˜⇤
 
ApA
†
s(z)(1  e
  (L z)
2vg,b ). (7)
For (L  z)  vg,b  (which is very well-satisfied in our device), this expression reduces to
B(z) =
 2ig˜⇤
 
ApA
†
s(z). (8)
From Eq. 8, we see that the phonon field strength is given by the local pump-Stokes beat note. This
aspect of the spatial dynamics is common to practically all Brillouin systems and thoroughly discussed
in standard nonlinear optics textbooks (see (31, 32)). We can now insert our solution for B(z) into the
equation of motion for the Stokes field, which becomes
A0s =
2|g˜|2|Ap|2
vg,s 
As   ↵s
2
As. (9)
Substituting the known expression for Gb (34) and solving Eq. 9, we find the following solution for
the Stokes field:
As = C1e
(
GbPP
2
 ↵s
2
)z. (10)
We next apply the boundary conditions to determine the value of C1. The Stokes cavity is formed
by fashioning a multi-mode waveguide into a racetrack ring configuration with an input/output coupler.
Consistent with the physical parameters of the device under study, here we apply no acoustic feedback
(Section 1.7.4). The boundary condition is therefore expressed as
As(0) =  iµAs,in + rAs(L). (11)
Here, |µ|2 is the coupling into/out of the ring and r parameterizes the fraction of light that feeds back
into the ring after the coupler (r =
p
1  µ2). In our laser, there is no input Stokes light, and thus in
this simple analysis, As,in serves as a proxy for the noise that initiates laser oscillation. Applying this
boundary condition, we find that the solution for the Stokes field envelope is given by
As(z) =
 iµAs,in
1  re (GbPP ↵s)L2
e
(GbPP ↵s)z
2 . (12)
This is the main result of this section. Here we wish to make a couple of important observations.
From Eq. 12, we see that the field diverges when GbPP = ↵s+ 2L log
1
r . In other words, the Stokes field
experiences a pole on the real axis (a lossless state) when round-trip Brillouin gain matches the optical
round-trip loss; a condition which pushes the system into optical self-oscillation. This is the threshold
condition for Brillouin lasing (32).
5
From Eq. 8, we note that above threshold, optical self-oscillation also dramatically increases the
phonon field strength. Since the phonon field is spatially heavily damped, the spatial dynamics are
determined by the local optical driving force, which radically increases in magnitude above threshold.
Thus, because the phonon field mediates coupling between the pump and Stokes waves, phonon emission
can be viewed as a byproduct of Stokes laser-oscillation (much like the idler in a singly-resonant OPO,
see Section 1.7). Thus, in general, Brillouin lasers require only an optical cavity for the Stokes field; no
phonon feedback is necessary for laser oscillation to occur.
In subsequent sections, we will see that even though the phonon field is not responsible for the feed-
back and oscillation, it plays a crucial role in the linewidth narrowing dynamics of this silicon Brillouin
laser because it is the carrier with the longest temporal memory.
1.2 Mean-field analysis
We next develop a simple mean-field (35) model that captures the basic temporal and noise dynamics of
this laser. This model can be derived by again starting from the slowly-varying envelope dynamics of
these fields (33,34) given by
A˙p + i!pAp + vg,pA
0
p +
1
2
vg,p↵pAp =  ig˜AsB + 1p
L
⌘p(z, t) (13)
A˙s + i!sAs + vg,sA
0
s +
1
2
vg,s↵sAs =  ig˜⇤ApB† + 1p
L
⌘s(z, t) (14)
B˙ + (i⌦b +
1
2
 )B + vg,bB
0 =  ig˜⇤ApA†s +
1p
L
⇠(z, t). (15)
Here, we have added an explicit spatial dependence for the Langevin forces, which are assumed to be
locally correlated in space, e.g. h⇠†(t, z)⇠(t0, z0)i = L nthb  (t  t0) (z   z0) and similarly for the other
noise correlation functions.
The dynamics of the mean optical and acoustic fields can be obtained by averaging each envelope
over the length of the ring L. For example, the mean pump field is given by
A¯p ⌘ 1
L
Z L
0
dz Ap. (16)
Applying this averaging procedure to the envelope equation for the pump we find
˙¯Ap + i!pA¯p +
vg,p
L
(Ap(L) Ap(0)) + 1
2
vg,p↵pA¯p =  ig˜AsB + 1p
L
⌘¯p. (17)
This equation can be further simplified by assuming that the envelopes change very little over a round
trip, and that the pump light in the ring obeys the boundary conditionAp(0) = rpAp(L) iµpAext where
rp and µp =
q
1  r2p are the reflection and transmission coefficients for the pump in the ring resonator.
In addition, the phase accumulated by the fields after a round trip will select a set of frequencies which
are resonant for the ring. In the following, we assume that this resonance condition is satisfied. In this
limit we find
AsB ⇡ A¯sB¯ (18)
Ap(L) Ap(0) ⇡ iµpAext + (1  rp)Ap(L). (19)
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Assuming that µp ⌧ 1 we find
Ap(L) Ap(0) ⇡ iµpAext   ln rpA¯p, (20)
where we have assumed Ap(L) ⇡ A¯p and we have approximated rp   1 as ln rp. We should mention
that we represent rp   1 as ln rp in order to make a clear connection between the effective optical decay
rate in the mean field approach and the loaded decay rate in ring resonators. By carrying out a similar
treatment for the Stokes and the phonon fields we find the mean-field equations of motion given by
˙¯Ap +
1
2
vg,p(↵p   2
L
ln rp)A¯p =  ig˜A¯sB¯   ivg,p
L
µpAext +
1p
L
⌘¯p (21)
˙¯As +
1
2
vg,s(↵s   2
L
ln rs)A¯s =  ig˜⇤A¯pB¯† + 1p
L
⌘¯s (22)
˙¯B + (i⌦b +
1
2
 )B¯ =  ig˜⇤A¯pA¯†s +
1p
L
⇠¯. (23)
These equations can be written in a form that is reminiscent of normal mode Langevin equations
through two steps. First note
h⇠¯†(t)⇠¯(t0)i = 1
L2
Z L
0
dz
Z L
0
dz0 h⇠†(t, z)⇠(t0, z0)i (24)
=
1
L
Z L
0
dz
Z L
0
dz0  nthb  (t  t0) (z   z0) (25)
= n (t  t0), (26)
which has the same correlation properties as the Langevin forces of normal modes.
For simplicity of notation, we define ap ⌘
p
LA¯p (and similarly for the other fields). We also
note that the loaded decay rates of the optical modes are given by  p = vg,p(↵p   2L ln rp) and  s =
vg,s(↵s   2L ln rs). These notational simplifications lead to the coupled mean-field equations of motion,
upon which we base our model of the temporal dynamics of laser oscillation. These equations are given
by
Mean-field equations of motion =
8><>:
a˙p =   (i!p +  p/2) ap   igasb+  paextp /2 + ⌘p
a˙s =   (i!s +  s/2) as   ig⇤apb† + ⌘s
b˙ =   (i⌦b +  /2) b  igapa†s + ⇠.
(27)
Here, g = g˜/
p
L and aextp represents an external drive sourcing the pump field. In the absence of
Brillouin coupling, this external drive determines the steady-state intracavity pump power. In addition,
the Langevin forces ⌘p, ⌘s, and ⇠ that account for thermal and quantum fluctuations of each of the fields.
We assume that these forces are zero-mean Gaussian random variables with white power spectra, yielding
correlation properties given by D
⌘†p(t)⌘p(t
0)
E
=  pn
th
p  (t  t0) (28)D
⌘†s (t)⌘s(t
0)
E
=  sn
th
s  (t  t0) (29)D
⇠†(t)⇠(t0)
E
=  nthb  (t  t0). (30)
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The magnitude of these power spectra are set by the thermal occupation numbers nthp , n
th
s , and n
th
b (given
by the Bose distribution).
1.2.1 Validity of mean-field analysis
A few comments are in order about the implications of this approximation. This analysis shows that the
validity of our model requires that the optical field envelopes change slowly over the length of the ring
resonator, which is well-satisfied for the Stokes field in our system which has decay length bigger than
the size of the resonator. However, this approximation is only marginally satisfied for the pump field
which has a decay length just bigger than the ring circumference.
The validity of the mean field treatment of the phonon field is more nuanced. The decay length
for the phonon field is 63 µm. Since many decay lengths fit within the racetrack (4.6 cm) it may seem
more natural to model the phonons as a collection of oscillators, made up of the different segments of the
resonator. Moreover, the real resonator is composed of two distinct segments that support phononic guid-
ance. However, by examining the phonon dynamics from the point of view of a driven field, we notice
that if the optical fields change slowly over the length of the resonator so does the photoelastic driving
force. From Eq. 8, we see that above threshold the steady-state phonon field strength is given by the
local Stokes-pump beat note, which varies slowly around the device. Hence, under this approximation,
we model the response of the elastic field as an average field with distributed coupling.
1.3 Inter-modal Brillouin laser noise theory
Having established our laser model, we now calculate the steady-state laser power, theshhold, slope
efficiency, and power spectrum of our inter-modal Brillouin laser. We model the laser physics by using
the coupled equations of motion for the mean-field amplitudes of the pump, Stokes, and phonon fields
given in Eq. 27. In contrast with conventional Brillouin lasers, the temporal optical dissipation rates
are much greater than the acoustic dissipation rates in our system, and therefore the optical fields can be
adiabatically eliminated.
When the pump decay rate is large compared to the decay rates for the Stokes and the phonon fields,
as well as the decoherence rate of the external laser, the pump field can be approximated as
ap ⇡  i gasb
i(⌦b   ⌦) +  p/2 + a
ext
p ⌘  ig p(⌦)asb+ aextp , (31)
where ⌦ = !p   !s and  p(⌦) is the pump susceptibility due to stimulated Brillouin scattering. This
solution for the pump can be plugged into the remaining equations for the Stokes and the phonon fields
yielding
a˙s =   (i!s +  s/2) as   |g|2 p(⌦)|b|2as + ⌘s   ig⇤aextp b† (32)
b˙ =   (i⌦b +  /2) b  |g|2 p(⌦)|as|2b+ ⇠   ig⇤aextp a†s . (33)
Next, we formally solve the equation for the Stokes field
as(t) =
Z t
 1
d⌧ e [(i!s+
1
2
 s)(t ⌧)+|g|2 p(⌦)
R t
⌧ dt
0 |b(t0)|2]

⌘s(⌧)  ig⇤aextp (⌧)b†(⌧)
 
= aˆs(t)  ig⇤
Z t
 1
d⌧ e [(i!s+
1
2
 s)(t ⌧)+|g|2 p(⌦)
R t
⌧ dt
0 |b(t0)|2] aextp (⌧)b
†(⌧),
(34)
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where aˆs represents the “dressed” annihilation operator of the Stokes field given explicitly by
aˆs(t) =
Z t
 1
d⌧ e [(i!s+
1
2
 s)(t ⌧)+|g|2 p(⌦)
R t
⌧ dt
0 |b(t0)|2] ⌘s(⌧). (35)
The correlation properties of aˆs are are implicitly given in Eq. 50. We assume that the pump phase noise
and phonon amplitude vary slowly in time compared to the decay rate of the Stokes field. This separation
of time scales allows
R t
⌧ dt
0 |b(t0)|2 ⇡ |b(t)|2(t   ⌧) in the exponent and the amplitudes of the external
pump and the phonon to be taken outside of the integral (i.e. by adopting the Markov approximation
where b(⌧) ⇡ b(t)ei⌦b(t ⌧) under the integral). These approximations give
as(t) ⇡ aˆs(t)  ig⇤aextp (t)b†(t)
Z t
 1
d⌧ e [i(!s !p+⌦b)+
1
2
 s+|g|2 p(⌦)|b(t)|2](t ⌧)
⇡ aˆs(t) 
ig⇤aextp (t)b†(t)
i(⌦b   ⌦) + 12 s + |g|2 p(⌦)|b(t)|2
⌘ aˆs(t)  ig⇤ s(⌦)aextp (t)b†(t).
(36)
Having derived the dynamics of the Stokes field for our system let us momentarily pause to point
out some critical physics for our measurements. The heterodyne technique employed in our experiment
directly measures the beat note of the Stokes field and the external laser, which acts as a local oscillator.
Ignoring the intrinsic fluctuations of the Stokes field this beat note takes the form
aext(t)a
†
s(t) = ig 
⇤
s (⌦)|aextp (t)|2b(t). (37)
There are few important points to make here. First, our external source laser is phase-noise dominated.
Therefore, the beat note (a) is unaffected by the external laser noise (i.e. the beat note depends on the
modulus square of the aext), and (b) the beat note provides a direct window on the phonon dynamics. In
the following we will discuss the dynamics of the phonon field.
By plugging the approximate solution for the Stokes field into Eq. 33 we obtain the effective nonlin-
ear dynamics of the phonon field given by
b˙ =  (i⌦b +  /2) b+ |g|2| s(⌦)|2(i(⌦b   ⌦) +  s/2)|aextp |2b+ ⇠   ig⇤aextp aˆ†s , (38)
where we have used the definition of  s. In the following we consider the resonant case (⌦ = ⌦b,
 p(⌦b) = 2/ p) where the equation of motion for the phonon drastically simplifies to
b˙ =  (i⌦b +  /2) b+  s
2
|g|2|aextp |2
(12 s +
2
 p
|g|2|b|2)2 b+ ⇣, (39)
where ⇣ ⌘ ⇠   ig⇤aextp aˆ†s is the effective Langevin forcing for the phonon, including pump noise and
quantum fluctuations of the Stokes field.
1.3.1 Threshold behavior, lasing, and steady-state phonon amplitude
These nonlinear dynamics capture the basic the lasing behavior and noise properties of the 3-wave sys-
tem. For large pump powers, when
2
 s
|g|2|aextp |2 >  /2, (40)
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the mean-field phonon amplitude exhibits a dramatic increase in strength. From this analysis, we see that
the threshold pump amplitude predicted by mean-field is
|aextp,th|2 ⇠
  s
4|g|2 , (41)
which, by converting to optical power P = h¯!vg|a|2/L, gives the threshold power
Pth ⇠ h¯!g,pvg,p  s
4|g|2L =
 s
Gbvg,s
=
1
Gb
(↵s   2
L
ln(rs)). (42)
From Eq. 42, we see that the mean-field prediction is consistent with the threshold pump power required
for the round-trip optical SBS gain for the Stokes field to match the round-trip optical loss (See Eq.
12). We note here that because the phonon field mediates coupling between pump and Stokes wave,
the coherent growth of the mean phonon field is simply a byproduct of the optical self-oscillation of the
Stokes field. However, we will see in Section 1.4.b that due to the temporal dissipation hierarchy, the
phonon field plays a dominant role in the linewidth narrowing dynamics.
The magnitude of the coherent amplitude of the phonon field above threshold can be obtained from
the time average of Eq. 39. Assuming that b =  e i⌦bt, where   ( 
q
nthb ) is a time independent
amplitude, multiplication of Eq. 39 by ei⌦bt and taking a long-time average, where the Langevin force
averages to zero, we find
0 = 

 /2   s
2
|g|2|aextp |2
(12 s +
2
 p
|g|2| |2)2
 
, (43)
which relates the coherent phonon amplitude above threshold to the source power.
1.3.2 Slope efficiency
The steady-state phonon amplitude, above threshold, also allows us to estimate the slope efficiency for
lasing on the Stokes mode. Assuming that the pump power is just above threshold we can assume
  < 1. In this limit, the steady state amplitude equation Eq. 43 gives the relation Pext   Pth ⇡
8|g|2Pth 2/( s p). Plugging this relationship into the equation for the Stokes field, and converting
amplitudes to power, we find the following relationship between the Stokes laser power Ps and the
external source laser power Pext:
Ps ⇡  p!svg,s
2 s!pvg,p
(Pext   Pth). (44)
Here, the powers Ps, Pext and Pth represent the intracavity Stokes, pump, and threshold powers. Using
the decay rates, frequencies, and group velocities of the optical modes obtained from transmission spectra
in Sec. 3, Eq. 44 predicts an intracavity slope efficiency of ⇡ 3%. By using the pump build up factor of
1.8, and the estimated ring-bus power coupling of 0.075 %, this analytical expression gives an on-chip
slope efficiency estimate of ⇡ 4%, close to the measured slope efficiency of 3% quoted in the main text.
In the following we consider the noise properties of the phonon field. These noise properties, de-
scribed quantitatively by power spectra, depend sensitively on the nonlinear dynamics of the system and
the source laser power. For this reason, we obtain the phonon power spectra near threshold numerically
through stochastic simulations of the laser dynamics described by Eq. 27, and only at high source pow-
ers, well above threshold, will we present analytical results for the power spectra. We will show that our
inter-modal laser exhibits power narrowing of the phonon linewidth.
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1.4 Phonon power spectrum at high pump powers
1.4.1 Laser equations
Above threshold the system undergoes a lasing phase transition where the phonon and Stokes amplitude
goes from having zero mean to having a finite expectation value given by  . Using this physics, we can
find the power spectrum of the phonon field above threshold by reexpressing the phonon amplitude in
terms of phase and amplitude
b = (  +   )e i⌦bt+i', (45)
where   is the time-independent mean value of the phonon amplitude, and    and ' represent the zero-
mean fluctuations of the phonon amplitude and phase, respectively. The dynamics of    and ' can be
found by plugging this representation of the phonon field into the effective equation of motion Eq. 39
and taking real and imaginary parts, giving
˙   ⇡  1
2
 RIN   + ⇣˜r (46)
'˙ ⇡ 1
 
⇣˜i, (47)
where we have assumed | |  |  |, ⇣˜r(t) ⌘ Re[⇣(t) exp{i⌦bt i'(t)}] and ⇣˜i(t) ⌘ Im[⇣(t) exp{i⌦bt 
i'(t)}], and we have used the expression for the steady amplitude given in Eq. 42.
The decay rate for the amplitude fluctuations (or relative intensity fluctuations (RIN)) is given by
 RIN ⌘ 8
 p
 s|g|4|aextp |2 2
(12 s +
2
 p
|g|2 2)3 (48)
=
8
 p
 |g|2 2
(12 s +
2
 p
|g|2 2) . (49)
Next, we consider the correlation properties of the Langevin force ⇣˜.
1.4.2 Langevin force
In order to compute the power spectrum for the phonon field we need the correlation properties of ⇣˜. The
relevant correlation function is given by
h⇣˜†(t)⇣˜(t0)i = h⇣†(t)e i'(t)ei'(t0)⇣(t0)ie i⌦b(t t0)
=

h⇠†(t)e i'(t)ei'(t0)⇠(t0)i+ |g|2h[aextp (t)aˆ†s(t)]†e i'(t)ei'(t
0)[aextp (t
0)aˆ†s(t
0)]i
 
e i⌦b(t t
0)
⇡  nthb  (t  t0) + |g|2|aextp |2ei(!p ⌦b)(t t
0)haˆs(t)aˆ†s(t0)i
⇡  nthb  (t  t0) +
 s|g|2|aextp |2
 s + 4|g|2 2/ p (n
th
s + 1)e
  1
2
( s+4|g|2 2/ p)|t t0|
⇡

 nthb + 4
 s|g|2|aextp |2
( s + 4|g|2 2/ p)2 (n
th
s + 1)
 
 (t  t0)
⇡  (nthb + nths + 1) (t  t0).
(50)
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In the third line above we’ve assumed that the correlation time for the Stokes field is much shorter than
the external pump and the phonon phase, allowing the phase noise of the external pump and phonon to
be neglected. In the fourth line we have evaluated haˆs(t)aˆ†s(t0)i. In the fifth line we’ve assumed that the
Stokes correlation function is effectively local in time, allowing us to replace the damped exponential
with a delta function. This approximation will yield reliable results when computing the power spectrum
for the phonon field as the decay rate for the Stokes field is much larger. Finally, in the last line we used
to relation between the steady-state phonon amplitude and the phonon decay rate.
Using this resulting correlation function we find
h⇣˜r(t)⇣˜r(t0)i = 1
2
 (nthb + n
th
s + 1) (t  t0) (51)
h⇣˜i(t)⇣˜i(t0)i = 1
2
 (nthb + n
th
s + 1) (t  t0) (52)
h⇣˜r(t)⇣˜i(t0)i = 0. (53)
1.4.3 Power spectra
Now we combine the correlation properties of the Langevin force with the phonon laser equations to
derive the power spectrum for the phonon field. Using the correlation function
he i('(t) '(t0))i = e 
1
4 2
 (nthb +n
th
s +1)|t t0|, (54)
obtained by solving Eq. 47 (36), we find
hb†(t)b(t0)i = [ 2 + h  (t)  (t0)i]he i('(t) '(t0))iei⌦b(t t0)
=

 2 +
 (nthb + n
th
s + 1)
2 RIN
e 
1
2
 RIN|t t0|
 
e
  1
4 2
 (nthb +n
th
s +1)|t t0|ei⌦b(t t
0)
⇡

 2e
  1
4 2
 (n+ns+1)|t t0|| {z }
phase noise
+
 (nthb + n
th
s + 1)
2 RIN
e 
1
2
 RIN|t t0|| {z }
RIN
 
ei⌦b(t t
0).
(55)
This result shows that at very high pump powers the phonon field becomes highly coherent. As    
1 the power spectrum is dominated by the phase noise, which exhibits Schawlow-Townes narrowing. In
this high-field limit, the coherence of the phonon oscillation is given by
 ⌫b =
 
4⇡ 2
(nthb + n
th
s + 1), (56)
which is the central result of this section. Thus, this mean-field model predicts phonon linewidth nar-
rowing that is reminiscent of the phonon linewidth narrowing in cavity-optomechanical systems (37).
1.5 Simulations of laser dynamics
To understand the noise of our system near threshold, we explored the discrete time dynamics of the laser
model described by Eq. 27. To perform these simulations we modify Eq. 27 in a number of ways. (A)
We factored out the fast dynamics of the field amplitudes, i.e. we simulated the dynamics of the temporal
envelopes of all fields, e.g. for the pump envelope a¯p defined as a¯p = apei!pt. (B) We considered the
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laser dynamics on resonance, i.e. !p = !s + ⌦b. (C) We ignored quantum fluctuations of each of the
fields, which play a minor role in our system. And, (D) we added the effects of nonlinear optical losses
present in our silicon waveguide (these effects are described in detail in Ref. (19)).
Our simulations are performed in two steps. First, random noise fields are generated for the phonon
field and the external source laser over the entire simulation domain, and then the fields are propagated
in time using discrete time dynamics. Note that the intrinsic noise of the optical fields is quantum, so
these sources of noise are neglected. In the discrete time picture the time axis is broken into time steps
labeled tj and separated by  t (chosen to be 1 ns in our simulations). In this framework, the phonon
Langevin force becomes ⇠(tj) ! ⇠j , where ⇠j is a zero-mean Gaussian random variable, with variance
 nthb / t, assigned to time step j. We assume a phase-noise dominated source laser, which we describe
with the phase diffusion model (25). These noise fields are generated at the outset of the simulation.
Subsequently, the fields are propagated from their initial values (set to 0) to find their time dynamics, at
each time step the Langevin forces produce a random kick of the field amplitude and phase. For example,
the phonon field is propagated by iterating the equation
bj+1 = bj   t[( /2)bj + igap,ja⇤s,j   ⇠j ] (57)
which is the discrete time form for the mean-field phonon equation (Eq. 27), and similarly for the other
fields. We obtain a wealth of information from these simulations, ranging from the power spectra and
the occupation for all fields to the laser slope efficiency. In particular, the linewidth of the heterodyne
beat note between the pump field and the Stokes field is displayed in Fig. 3 of the main text, and the
simulated output laser power versus input source laser power is shown Fig. 2 of the main text.
1.5.1 Model parameters used in laser simulations
The model parameters used in these simulations were obtained or corroborated through independent
measurements. For convenience, these parameters are presented in section 6.1. The optical decay rates
are derived from transmission spectra of the ring resonator described in Sec. 3, and the Brillouin cou-
pling, phonon frequency, and phonon decay rate were obtained from Brillouin scattering measurements
in linear waveguides (19).
Brillouin coupling rate: Using the coupled envelope equations given in Eqs. 13-15, the Brillouin
gain Gb can be directly related to the coupling parameter g, yielding Gb = 4|g|2L/(h¯!pvg,pvg,s ) (34).
The Brillouin gain of 470 (Wm) 1, measured in linear inter-modal waveguides with the same cross
section, correspond to a coupling rate of g = 12 kHz. In addition, the measured intracavity threshold
power can be used as a cross check of this estimate. By using Eq. 42 with the measured laser threshold
power of Pth = 19.3 mW, along with the measured optical and acoustic dissipation rates, we find a
Brillouin coupling rate of g = 10.6 kHz. Nonlinear optical losses are present in our system and will
raise the threshold power. If we account for nonlinear optical losses the Stokes decay rate is slightly
larger 2⇡ ⇥ 90MHz near threshold, yielding a slightly larger estimate for the Brillouin coupling rate of
g = 11.1 kHz used in our simulations, this coupling rate corresponds with an estimated Brillouin gain of
Gb = 400W
 1m 1.
Phonon dissipation rate: The phonon dissipation rate was obtained from spontaneous Brillouin scat-
tering measurements in linear waveguides. These measurements give   = 2⇡ ⇥ 13.1MHz.
Linear optical loss: We obtain the linear optical loss parameters by fitting the model presented in
section 3 to the measured transmission spectra.
Nonlinear optical loss: The nonlinear optical parameters were studied in our previous work (19).
From this detailed characterization of both intra- and inter-modal nonlinear loss, we observed that inter-
modal scattering greatly reduces the spatial overlap between pump and Stokes waves (because they
propagate in distinct optical spatial modes), resulting in low inter-modal TPA and FCA nonlinear loss
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coefficients. These nonlinear losses have a relatively small effect on the threshold and slope efficiency at
low Stokes powers.
1.6 Temporal dissipation hierarchy
This section presents a didactic figure (Fig. S1), which compares spectral properties produced by the
temporal dynamics conventionally exhibited by Brillouin lasers (standard dissipation hierarchy) with
those produced by this Brillouin laser (inverted dissipation hierarchy). Note that while the temporal
dynamics are distinct, the spatial dynamics of this Brillouin laser (i.e., optical self-oscillation) are the
same as conventional Brillouin lasers, as explained in section 1.7.
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Figure S1: Spectral properties of distinct temporal dissipation hierarchies. (A) illustrates the noise properties
of a Brillouin laser operating above threshold in the standard dissipation hierarchy where (i) the Brillouin gain
bandwidth (or phononic decay rate,  ) is much larger than the cavity linewidth ( ) of the optical resonator. In this
limit, Brillouin lasing produces optical linewidth narrowing of the Stokes wave, resulting in the optical spectrum
plotted in (ii), where the Stokes wave linewidth is narrow compared to that of the pump wave. (iii) diagrams a
heterodyne measurement of the optical beat frequency between these two waves, which inherits the noise of the
pump laser. This results in a noisy beat note with a linewidth approximately equal to the pump wave linewidth
(iv). (B) shows the noise properties of this silicon Brillouin laser operating above threshold. (i) In this regime the
dissipation hierarchy is inverted ( ⌧  ). As a result, Brillouin lasing produces phonon linewidth narrowing, and
the Stokes becomes a frequency-shifted copy of the pump, giving the optical spectrum plotted in (ii). As a result,
heterodyne detection produces a clean beat note (iii) that directly reflects the phonon power spectrum (iv).
1.7 Three-wave laser dynamics
To explore the nature of laser oscillation in this system, we analyze the dynamics in the language of
well-established optical parametric oscillator (OPO) physics (31), which provides a general framework
for understanding and characterizing three-wave lasers. The intuition gained from optical parametric
interactions is especially useful in the context of Brillouin scattering, since they have a number of char-
acteristics in common, including spatial gain through traveling-wave interactions, dependence on phase-
matching, and nearly identical spatio-temporal equations of motion.
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In this section, we show that this framework allows us to (1) clearly distill the subtle yet fundamental
differences between phonon lasers and Brillouin lasers in their many incarnations and (2) discover anal-
ogous systems that provide insight into the novel dynamics of this silicon Brillouin laser. In particular,
we analyze our system in the context of singly-resonant optical parametric oscillators. These optical
parametric oscillators exhibit coherent laser-oscillation similar to conventional lasers, with the crucial
distinction that the optical gain is supplied by a three-wave (or  (2)) interaction.
1.7.1 Laser characteristics
Before discussing the basic dynamics of OPO physics, we first highlight the essential properties of lasing.
In its most basic form, a laser requires a cavity (or feedback) and a gain medium. Thus, lasing can occur
for a field that (1) experiences feedback, which gives the system a pole, and (2) also experiences round-
trip gain that matches round-trip loss, putting the pole on the real axis (38).
ωp
ωs
ωi
Gain: χ(2)
ωp
ωs
ωi
ωs
A B
Figure S2: Basic operation of a singly resonant OPO (31). Panel (A) shows the energy conservation of this
parametric process. The pump frequency (!p) is equal to the sum of signal (!s) and idler (!i) frequencies. (B) In a
singly-resonant OPO, only the signal wave experiences feedback from a cavity, and consequently self-oscillation.
The idler wave is emitted as a byproduct of signal self-oscillation because it mediates the parametric process.
1.7.2 Singly-resonant OPO physics
A singly-resonant OPO consists of a nonlinear medium that provides parametric gain and a cavity that
produces feedback for only one of the nonlinearly generated waves (31) (see Fig. S2). Within the
nonlinear crystal, three waves interact: pump, the signal, and the idler waves. In this configuration, only
the signal wave requires optical feedback for laser oscillation to occur. For instance, both the pump wave
and idler can pass ballistically through the system without any form of feedback (see Fig. S2 ). Within
a singly-resonant OPO, the condition for laser-oscillation is satisfied when the parametric gain equals
the round-trip loss for the signal wave, resulting in optical self-oscillation of the signal wave (31). The
idler is also emitted in tandem with the signal wave, as it mediates the parametric interaction; thus, the
idler-wave emission is a byproduct of signal-wave self-oscillation.
1.7.3 Brillouin lasing and phonon lasing
We can now understand the basic operation of Brillouin lasing in terms of well-known OPO physics.
In Brillouin lasers, high-frequency (10 GHz) phonons are heavily damped (spatially: mean-free path of
lc ⇠ 100 µm), preventing the formation of acoustic modes in systems with large dimensions (L   lc).
In contrast, the optical fields propagate with low spatial losses, permitting the formation of optical spatial
modes within optical cavity resonators. Analogous to a singly-resonant OPO, the Stokes wave possesses
a cavity while the acoustic field does not; thus, the Stokes wave performs the function of the signal wave
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while the acoustic field plays the role of the idler field, resulting in Stokes self-oscillation. As the phonon
field mediates coupling between pump and Stokes waves, phonon (idler) emission can be viewed as a
byproduct of Stokes laser-oscillation. Thus, in general, Brillouin lasers only require an optical cavity for
the Stokes wave; no phonon feedback is necessary for laser oscillation to occur.
This OPO framework also allows us to explore essential characteristics of optomechanical self-
oscillation, also colloquially referred to as phonon lasing. In a phonon laser, the phonon field plays the
role of the resonant signal field, while the Stokes wave performs the function of the idler. Thus, phonon
lasing requires a phonon cavity (or acoustic feedback to produce a pole) and round-trip acoustic gain
that can balance round-trip loss. In general, phonon lasers do not require optical feedback (for example,
see the system proposed in Ref. (39)). In cavity-optomechanical systems, however, optical feedback is
typically added to reduce the threshold of mechanical self-oscillation, (or phonon lasing). In this way,
optomechanical self-oscillation shares many similarities with doubly resonant OPOs (where both signal
(phonon) and idler (Stokes) waves possess a cavity (31)), but lacks the extended spatial characteristics
(i.e. phase matching) typical of optical parametric oscillators.
Brillouin-Active Waveguide
63 μm
L = 2.2 cm
Phonons 
radiate 
to substrate
Phonons 
radiate 
to substrate
Intrinsic phonon
decay length
Figure S3: Diagram illustrating the spatial acoustic properties of this Brillouin laser. As with other Brillouin
lasers, there is no acoustic feedback or phonon cavity in this system. The phonons are spatially heavily damped
(i.e., intrinsic decay length lc ⇠= 63 µm), preventing the formation of phonon cavity modes in this large racetrack
resonator (circumference ⇠= 4.6 cm). Moreover, around the bends the waveguide is not suspended, prohibiting
acoustic feedback. Instead, the phonon field efficiently radiates into the substrate.
1.7.4 Properties of the silicon Brillouin laser
Within the framework described above, we note that, despite the unusual temporal dynamics, this silicon
laser shares all the same basic characteristics of Brillouin lasers. As diagrammed in Fig. 1 of the main
text, optical feedback is produced by a long (4.6 cm) race-track resonator for the Stokes-wave. By com-
parison, the 6 GHz phonons that propagate in the Brillouin-active segments of this racetrack are heavily
damped (with lc ⇠= 63 µm and group velocity of 826 m/s), preventing the formation of discrete acoustic
cavity modes. We note that, in addition to severe acoustic propagation losses, the device geometry pro-
hibits any acoustic feedback. This is because, as shown in Fig. 1 of the main text, the acoustic phonons
are not guided around the waveguide bends. As a result, the phonons are radiated to the substrate as seen
in Fig. S3. Since only the optical Stokes wave can play the role of the signal wave, the phonon field must
play the role of the idler wave. Therefore, this silicon laser produces optical self-oscillation, not phonon
self-oscillation.
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1.7.5 Optical self-oscillation and phonon linewidth narrowing
Gain: χ(2)
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Figure S4: Generalized optical parametric oscillator with a slow group velocity idler field. (A) Diagram illustrating
the basic device operation of a singly-resonant OPO with a slow idler field. Here, only the signal wave experiences
feedback from a cavity. The idler field is emitted as a byproduct of signal-wave self-oscillation. (B) Dispersion
relation of the idler wave that illustrates the phase-matching condition. The gain medium length and group velocity
dictate the sinc2-like phase matching bandwidth. (C) Propagation losses effectively broaden the idler dispersion
relation, resulting in a Lorentzian response with a width given by the dissipation rate ( ).
While this system yields optical lasing, we have shown that it exhibits linewidth narrowing dynamics
that more closely resemble the dynamics of a phonon laser. We again leverage the framework of OPO
physics to illustrate how, even though the phonon field is not responsible for the feedback and laser
oscillation, it governs the linewidth narrowing dynamics simply because it is the carrier with the longest
temporal memory.
In what follows, we explore the dynamics of a generalized singly-resonant OPO that mirrors the
behavior of this silicon Brillouin laser. As we have discussed, this and other Brillouin lasers are nearly
direct analogues to a singly resonant OPO, in which the optical Stokes wave plays the role of the signal
and the phonon field performs the function of the ballistic (i.e., cavityless) idler wave. However, this
analogy becomes nuanced because a traveling acoustic wave, which has a velocity that is 105⇥ slower
than light, is taking the place of the optical idler wave. This distinction has profound consequences that
permit the non-oscillating field to produce Schawlow-Townes linewidth narrowing.
To complete this analogy, let us consider a singly-resonant OPO in which the idler wave has an es-
pecially high group index, resulting in slow optical propagation. In this nonlinear optical system, phase
matching plays a crucial role in the dynamics (see Fig. S4). As the velocities of the other waves are so
much larger than that of the idler, the pump and signal waves essentially dictate the wavevector of the
slow idler wave through phase matching. If this slow group velocity idler experiences no propagation
losses, then the gain bandwidth (associated with phase-matched coupling) of this system is simply deter-
mined by the length of the gain medium and the group velocity of the idler wave (see Fig. S4B). Note
that the smaller the group velocity the narrower the gain bandwidth.
However, any dissipation will effectively broaden the idler dispersion curve by the decay rate of the
idler field. In other words, damping causes exponential decay; this produces Lorentzian broadening of
the dispersion relation as seen in Fig. S4 (39). We can conceive a scenario in which the dissipation
rate of the idler field is much larger than the dissipation-less phase matching bandwidth. In this heavily
damped scenario, instead of the conventional sinc2-like phase matching bandwidth, the phase matching
condition yields a Lorentzian gain bandwidth determined by the lifetime of the slow idler field (see Fig.
S4C).
This system arrangement allows us to easily conceive of a condition in which the signal wave pro-
duces self-oscillation while the idler dictates the linewidth narrowing dynamics. As we have discussed,
because there is no feedback for the idler wave, the idler wave cannot self-oscillate. Instead, a non-zero
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expectation value of the idler can only be achieved as a byproduct of signal-wave self-oscillation. How-
ever, because of the disparate velocities of the signal and idler waves, it is apparent that even though the
signal wave has a cavity and the idler does not, the idler wave can easily have longer temporal memory
as it ballistically (yet ever so slowly) passes through the nonlinear medium. In this temporal dissipation
hierarchy, we have seen that, compared to the idler, the signal wave is temporally overdamped, resulting
in dynamics that adiabatically imitate those of the idler field. Thus, this OPO resonator produces laser-
oscillation of the signal wave and linewidth narrowing of the non-resonant idler wave, in direct analogy
to the silicon Brillouin laser studied in this work.
2 Sub-coherence self-heterodyne measurement
Above threshold, small variations in pump frequency translate to frequency instabilities that are not
intrinsic to this system. As a result, the heterodyne spectrum must be acquired on a 30 millisecond
timescale to avoid distortions produced by slow frequency hops generated by the pump laser. These
shorter acquisition times effectively limit the resolution bandwidth of this measurement approach to 20
kHz. At higher emitted powers, we are able to overcome this resolution limitation by using a separate
sub-coherence delayed self-heterodyne measurement technique. This method allows us to determine the
intrinsic laser linewidth (and resulting phonon dynamics) despite the slow center-frequency hops induced
by the pump laser (40, 41). This technique employs an unbalanced Mach-Zehnder interferometer that
possesses both a sub-coherence delay arm and a frequency shifted reference arm (See Fig. S5). With
sub-coherence delay times, the measured spectral density is composed of a delta function and a sinc-like
background. By comparing the relative magnitude of each component, one can determine the coherence
time of the actual laser. Using this sub-coherence technique, we measure the linewidth of the pump laser
and show that the silicon Brillouin laser behaves analogously to a self-driven acousto-optic frequency
shifter.
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Figure S5: (A) Experimental setup for self-heterodyne interferometry. The first arm of the interferometer provides
a delay while the second arm frequency shifts the light using an acousto-optic frequency shifter (AOM). The two
waves are combined and the beat note is detected with a fast photodiode. (B) Self-heterodyne spectrum of the
Agilent 81600B diode laser with a delay length of 48.25 m.
2.1 Self-heterodyne interferometry
In this section, we discuss the essential elements of the sub-coherence self heterodyne measurement.
Figure S5A depicts a typical self-heterodyne interferometer. For an arbitrary delay length, the self-
heterodyne spectral density is found to be (40)
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S[!] / P1P2

⇡e  !p⌧d (!   ⌦aom) +  !p
(!   ⌦aom)2 + !2p
(1  e  !p⌧d(cos((!   ⌦aom)⌧d)
+
sin((!   ⌦aom)⌧d) !p
!   ⌦aom ))
 
.
(58)
Here, P1 and P2 are the powers in arm 1 and arm 2 of the self-heterodyne interferometer, !p is the
linewidth of the laser in units of angular frequency, ⌦aom is the driving frequency of the acousto-optic
modulator, and ⌧d is the transit time of the delay arm.
Note that in the limit that ⌧d   1/ !p, the spectrum becomes a simple Lorentzian with a HWHM
of the intrinsic laser linewidth. For this reason, the self-heterodyne technique typically involves a delay
line that far exceeds the expected coherence time. However, as with other external cavity diode lasers,
the low frequency fluctuations of the center laser frequency of the Agilent 81600B obscure the traditional
measurement (41). For this reason, we employ a sub-coherence delay arm to measure the linewidth of
the pump laser. Figure S5B shows a comparison of a typical self-heterodyne signal of the pump laser
(Agilent 81600B) with the theoretical spectral density of a laser with a linewidth of 15 kHz.
2.2 Sub-coherence self-heterodyne measurement using a silicon Brillouin
laser
2.2.1 Spectral characteristics of silicon Brillouin laser
In this section, we demonstrate the unique noise properties that result from the temporal dissipation of
this SBS laser (i.e.,   ⌧  s,  s). This is done by using the Brillouin laser as a frequency-shifter and
showing that it behaves in complete analogy to an acousto-optic frequency shifter. We perform this
measurement using the experimental setup shown in Fig. S6.
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Figure S6: Self-heterodyne interferometer using the silicon Brillouin laser as the frequency-shifter. An auxil-
iary AOM is employed here only to spectrally discriminate the light passing through arm 2 from the pump light
ballistically passing through the chip.
In the discussion to follow, we present a simple model that captures the effect of phonon noise in
the self-heterodyne measurement. Using the Wiener-Khinchin theorem and assuming stationarity, the
spectral density of a heterodyne beat note can be written as
S[!] =
1
2⇡
Z 1
 1
d⌧ ei!⌧ hELO(⌧)E⇤s (⌧)E⇤LO(0)Es(0)i, (59)
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where Es and ELO represent the signal and local oscillator waves, respectively. Applying Eq. (59) to the
measurement presented in Fig. S6, the spectral density becomes
S[!] =
1
2⇡
Z 1
 1
d⌧ ei!⌧ ha˜p(⌧ + ⌧d)a†s(⌧)a˜†p(⌧d)as(0)i, (60)
where as, ap, and a˜p will denote the Stokes, input pump, and AOM-shifted pump waves, respectively.
Here, ⌧d represents the transit time of the delay arm. Through separation of time scales, the Stokes field
can be written as
as =
 2ig⇤apb†
 s(1 +
4|g|2| |2
 s p
)
. (61)
Hence, the spectral density becomes
S[!] =
2|g|2
⇡( s(1 +
4|g|2| |2
 s p
))2
Z 1
 1
d⌧ ei!⌧ ha˜p(⌧ + ⌧d)a†p(⌧)b(⌧)a˜†p(⌧d)ap(0)b†(0)i. (62)
Due to the separation of time scales, the phonon field and pump fields are uncorrelated. Therefore
the expectation value in Eq. 62 simplifies to
S[!] =
2|g|2
⇡( s(1 +
4|g|2| |2
 s p
))2
Z 1
 1
d⌧ ei!⌧ ha˜p(⌧ + ⌧d)a†p(⌧)a˜†p(⌧d)ap(0)ihb(⌧)b†(0)i. (63)
We will now focus on the first expectation value. We can write the phases of ap and a˜p as
 (t) =  i!pt+ i n(t)
 ˜(t) =  i(!p + ⌦aom)t+ i n(t).
(64)
Here, we assume  n obeys the phase diffusion equation such that
 ˙(t) = ⌘(t)
h⌘(t)⌘(t0)i =  !p (t  t0).
(65)
Applying Eq. 70 to the first expectation value in Eq. 63, we find
ha˜p(⌧ + ⌧d)a†p(⌧)a˜†p(⌧d)ap(0)i = |ap|2|a˜p|2hei  n(⌧,⌧d)ie i⌦aom⌧
  n(⌧, ⌧d) =  n(⌧ + ⌧d)   n(⌧)   n(⌧d)   n(0).
(66)
By direct integration, we compute  n(⌧, ⌧d):
  n(⌧, ⌧d) =
Z ⌧+⌧d
⌧
dt0 ⌘(t0) 
Z ⌧d
0
dt0 ⌘(t0). (67)
As  n(⌧, ⌧d) can be described by Gaussian statistics, we can rewrite the expectation value for hei  n(⌧,⌧d)i
(36), yielding
hei  n(⌧,⌧d)i = e h[  n(⌧,⌧d)]
2i
2 . (68)
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Evaluating Eq. 68, the spectral density becomes
S[!] =
2|g|2|ap|2|a˜p|2
⇡( s(1 +
4|g|2|b|2
 s p
))2
Z 1
 1
d⌧ei(! ⌦aom)⌧e  !p(⌧d (⌧d |⌧ |)✓(⌧d |⌧ |))hb(⌧)b†(0)i. (69)
Now we use the same process (Eqs. 70-68) to determine the phonon correlation function.
 (t) =  i⌦bt+ i n(t)
 ˙(t) = ⌘b(t)
h⌘b(t)⌘b(t0)i =  ⌦b (t  t0)
hb(⌧)b†(0)i = | |2hei  (⌧)ie i⌦b⌧
  (⌧) =
Z ⌧
0
dt0⌘b(t0)
hb(⌧)b†(0)i =  2e i⌦b⌧  ⌦b|⌧ |2
(70)
Here, ⌦b is the phonon center frequency and  ⌦b is phonon linewidth (units of angular frequency,
 ⌦b = 2⇡ ⌫b). Inserting the phonon correlation function into Eq. 69 yields
S[!] =
2|g|2|ap|2|a˜p|2| |2
⇡( s(1 +
4|g|2| |2
 s p
))2
Z 1
 1
d⌧ei(! ⌦aom ⌦b)⌧e  !p(⌧d (⌧d |⌧ |)✓(⌧d |⌧ |)) 
 ⌦b|⌧ |
2 . (71)
Note that in the limit that ⌧d ! 0, heterodyne detection directly measures the phonon power spec-
trum. Thus, the spectral density becomes
S[!] =
2|g|2|ap|2|a˜p|2| |2
⇡( s(1 +
4|g|2| |2
 s p
))2
Z 1
 1
d⌧ei(! ⌦aom ⌦b)⌧e 
 ⌦b|⌧ |
2 . (72)
Performing the integration of Eq. 71 with an arbitrary delay length, we arrive at the main result for
this section:
S[!] =
2|g|2|ap|2|a˜p|2| |2
⇡( s(1 +
4|g|2| |2
 s p
))2

4 ( ⌦b + 2 !p)
( ⌦b + 2 !p) 2 + 4w2
  32w !p ( ⌦b + !p) sin (w⌧d) e
  1
2
⌧d( !b+2 !p) 
 ⌦2b + 4w
2
 
(( ⌦b + 2 !p) 2 + 4w2)
+
8 !p
 
 ⌦2b + 2 ⌦b !p   4w2
 
cos (w⌧d) e
  1
2
⌧d( ⌦b+2 !p) 
 ⌦2b + 4w
2
 
(( ⌦b + 2 !p) 2 + 4w2)
 
.
(73)
Here, w ⌘ !   ⌦aom   ⌦b. If we instead evaluate Eq. (71) with  ⌦b = 0 (zero phonon phase noise),
the spectrum matches that of the simple sub-coherence self-heterodyne measurement (refer to Eq. (58)).
Performing the integration we find
21
S[!] =
2|g|2|ap|2|a˜p|2| |2
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w2 + !2p
(1  e  !p⌧d(cos(w⌧d) + sin(w⌧d) !p
w
))
 
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(74)
Here P1 and P2 are the powers in arm 1 and arm 2 of the self-heterodyne interferometer. Figure S7A
plots Eq. 73 with a 15 kHz linewidth pump and various phonon linewidths. Note that as the phonon
linewidth increases, the interference fringes wash out and the pedestal becomes more Lorentzian-like.
Using the experimental setup depicted in Fig. S6, we measure the self-heterodyne spectrum with
the silicon Brillouin laser as the frequency-shifter and compare it to that of traditional measurement
using an acoustic optic modulator. Fig. S7B shows the two spectra superimposed. Strong qualitative
agreement between the two experimental spectra demonstrates that the SBS laser behaves analogously
to a self-driven acousto-optic frequency shifter. More specifically, the emitted Stokes light from this
silicon Brillouin laser is a frequency-shifted copy of the pump light with a small degree of phase noise
imparted by the phonon field. Fig. S7C shows the range of the spectrum that is most sensitive to the
phonon linewidth and the theoretical comparison. The spectrum plotted (Stokes power of 0.025 mW) in
Fig. S7C shows good agreement with the theoretical spectrum with a phonon linewidth of 3 kHz.
We also perform these measurements using an open-loop laser that exhibits exceptional agreement
with the sub-coherence spectrum. For these measurements, see Section 5.3.
2.2.2 Spectral characteristics conventionally exhibited by Brillouin lasers
The self-heterodyne measurement performed with the silicon Brillouin laser demonstrates the unique
phonon linewidth narrowing characteristics of this device. By contrast, in the dissipation hierarchy con-
ventionally realized in silica Brillouin lasers— that is,      p,  s — the predicted spectrum is very
different from both Eq. 73 and the experimentally measured spectrum of this silicon Brillouin laser. In
this more widely studied regime, the Stokes field experiences Schawlow-Townes narrowing, resulting in
a narrow linewidth Stokes wave whose phase is now uncorrelated with that of the pump. Thus, in the
conventional limit (i.e.,     p,  s), Eq. 60 becomes
S[!] =
1
2⇡
Z 1
 1
d⌧ei!⌧ ha˜p(⌧ + ⌧d)a˜†p(⌧d)iha†s(⌧)as(0)i. (75)
Applying the same technique as that of the previous section, the spectral density becomes
S[!] =
|a˜p|2|as|2
2⇡
Z 1
 1
d⌧ei(! ⌦b ⌦aom)⌧e
 ( !p+ !s)|⌧ |
2 . (76)
Here,  !p and  !s are the linewidths for the pump and Stokes waves, respectively (angular frequency
units). Evaluating Eq. 76, the spectral density in the conventional Brillouin limit is a simple Lorentzian,
completely devoid of coherent interference. Thus, the spectrum becomes
S[!] / PsPp 4( !p + !s)
( !p + !s)2 + 4(!   ⌦b   ⌦aom)2 . (77)
In Brillouin lasers studied to date,  !s ⌧  !p, and the observed Lorentzian has full width at half
maximum (FWHM) of  !p. Note that Eq. 77 is independent of ⌧d, as there is no phase coherence
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Figure S7: (A) Theoretical trends showing the effect of phonon phase noise on the self-heterodyne measurement.
Observe that as the phonon linewidth increases, the fringes lose contrast. (B) Comparison of the self-heterodyne
spectrum using the Brillouin laser as the frequency-shifter (Figure S6) with the traditional spectrum using an AOM
as the frequency-shifter (Figure S5). Identical delay lengths are used in each experiment. (C) Theory-experiment
comparison in the most sensitive portion of the spectrum to the phonon linewidth. Note that there is some residual
phase noise that reduces the contrast of the fringes from the 0 Hz theoretical trend (evident from the spectra
using the AOM as the frequency shifter). We attribute this noise to small variations in the delay arm of our fiber
interferometer.
for interference. Hence, in the traditional Brillouin limit, the self-heterodyne spectrum is bereft of the
characteristic fringes, in sharp contrast to the phonon linewidth narrowing regime explored by the silicon
Brillouin laser.
3 Six-port coupler theory and analysis
In this section we derive the optical response of a multimode optical resonator that we use to determine
the input parameters of our laser model. By fitting this theory to measured transmission spectra we obtain
a wealth of information about the ring resonator physics. We determine the free-spectral range, giving
the group velocity, and the width of the transmission dips gives the loaded dissipation rates for each of the
optical modes. Once these parameters are specified this theory can be used to determine the intracavity
pump and Stokes powers from the transmitted pump and the output Stokes powers, and provides all of
the input parameters for our lumped element model.
We undertake this analysis by using general properties of lossless six-port couplers of the type pic-
tured in Fig. S8, and by leveraging the known free propagation of the optical fields in each waveguide
type.
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Figure S8: Illustration of a six-port coupler. In general, the propagation velocity and dissipation is distinct in each
waveguide.
3.1 Six-port coupler
To begin, consider the lossless six-port coupler seen in Fig. S8, which can be described by a symmetric
3⇥3 unitary matrix U. In such a coupler, light injected into any one input port can be scattered out
of all output ports; the relative phases of all output ports are in general arbitrary, but the total power is
conserved through the coupler. Symmetry of the scattering matrix ensures that the coupler is reciprocal.
Mathematically, this scattering is described by the relation
Aout = U ·Ain, (78)
where A(z) = (Abus(z), A2(z), A1(z)) is a vector composed of the field amplitudes in the respective
bus, first excited, and fundamental modes at position z along the composite ‘waveguide’ (i.e. the three
waveguides). Ain being the value of this vector just before entering the coupler, and Aout representing
the resultant field amplitudes exiting the coupler. By virtue of unitarity (i.e. U† ·U = 1) the total photon
flux, or the total optical power, is conserved through this coupler, i.e. |Aout|2 = |U ·Ain|2 = |Ain|2.
3.2 Free optical propagation
To describe the physics of the ring resonator we need to understand the free propagation of the fields in
each waveguide. We assume that the dynamics of optical field is distinct to each waveguide, and can be
described by a spatial damping factor and a phase. Hence, as the optical field propagates a distance ` the
field transforms as
A(`+ z) = T(`) ·A(z), (79)
where the propagation matrix is given by
T(`) =
0@e(ikbus ↵bus/2)` 0 00 e(ik2 ↵2/2)` 0
0 0 e(ik1 ↵1/2)`.
1A (80)
Here, kj = !/vj is the propagation constant; vj being the phase velocity in the jth waveguide, and !
being the angular frequency. The factor ↵j is the spatial decay rate unique to each waveguide.
In the next section we put these ingredients together to find the transmission spectrum of a ring
resonator formed by closing waveguides 1 and 2 into closed loops of length L.
3.3 Optical response of a multimode ring resonator
Consider a ring resonator formed by closing waveguide 1 and 2 into closed loops of length L (see Fig.
S9). These two closed loops will each form a distinct set of optical modes that can be characterized by
observing the transmission of the optical field in the bus waveguide.
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Figure S9: Multimode ring resonator formed by closing two ports into loops.
First, we assume that the power is conserved through the coupler, giving Aout = U · Ain. Sec-
ondly, we use the fact that the input fields in waveguide 1 and 2 are related to the output fields by free
propagation, i.e. A1,in = e(ik1 ↵1/2)LA1,out.
To compactly describe this physics we express the field as Ain = (Ain,AC,in), where AC =
(A2, A1) are the two modes in the ring, we introduce a propagation matrix TC for the modes in the
ring cavity only i.e.,
TC(`) =
✓
e(ik2 ↵2/2)` 0
0 e(ik1 ↵1/2)`
◆
, (81)
and we express the scattering matrix as
U =
✓
r  iµT
 iµ R
◆
, (82)
where µ is the multi-mode generalization of the ring-bus coupling (42).
Using this notation we find that the relationship between the input and the output field in the bus
waveguide is given by ✓
Aout
AC,out
◆
=
✓
r  iµT
 iµ R
◆✓
Ain
AC,in
◆
, (83)
and the relationship between the cavity fields is
AC,in = TC(L) ·AC,out. (84)
Solving these coupled equations we find the relationship between the input and the output fields in the
bus, we find
Aout =
⇥
r   µT ·TC(L) · (1 R ·TC(L)) 1 · µ
⇤
Ain (85)
AC,out =  i(1 R ·TC(L)) 1 · µAin. (86)
Once the scattering matrix for the six-port coupler, the group velocities, and the spatial decay rates
are known, these results provide the power transmission spectrum given by
Pout
Pin
=
  r   µT ·TC(L) · (1 R ·TC(L)) 1 · µ  2. (87)
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3.4 Relation between intracavity pump power and transmitted pump power
Using the relations, we can calculate the intracavity field strength, which is given by
|Acav|2 =
  r  µT · (1 R ·TC(L)) 1 · µ  2 1|µT · µ|   (1 R ·TC(L)) ·Aout  2. (88)
Using this relation the transmitted pump power can be used to determine the amplitude of the pump field
inside the resonator which is a key parameter for our numerical modeling.
3.5 Relation between intracavity laser power to output laser power
In order to fully understand Brillouin lasing in a ring resonator we establish the connection between the
intracavity laser power and the output laser power coupled to the bus waveguide. This connection can be
made using the ring resonator theory given above.
When operating as a Brillouin laser there is no Stokes light supplied to the resonator via the bus
waveguide. Rather, pump light at a different frequency is injected into the resonator, and through Bril-
louin scattering leads to the generation of Stokes light in the resonator at a different frequency. By setting
Ain to zero we find the
Aout,laser =  iµT ·AC,in,laser. (89)
Here, it is important to stress a crucial point. Ideally, our Brillouin laser operates by scattering injected
pump light from the first excited mode in the ring to the fundamental mode, and the light in these two
fields, of distinct frequencies, is confined to each of these respective modes. Hence, one may con-
clude that relation between the out coupled laser power and the intracavity power is simply given by
Aout =  iµ · (0, A1). However, unitary scattering through a three port coupler necessarily couples the
first excited and the fundamental modes, and therefore Stokes light will be distributed in both modes.
Therefore, the accurate connection between the measured laser power and output power necessarily con-
tains the coherent addition of the amplitudes of the Stokes fields in both modes as given above.
3.6 A minimal model of the six-port coupler scattering matrix
In this section we discuss the scattering matrix for the six-port coupler. The most general 3 ⇥ 3 unitary
and reciprocal scattering matrix is specified by 6 degrees of freedom. Given such a large parameter
space, it is ideal to determine the scattering matrix through independent transmission measurements, or
by finite difference time-domain (FDTD) simulations. However, these two approaches offer challenges
in many instances. It is often not possible to directly measure the scattering matrix in on-chip systems
(such as ours), and FDTD is limited by non-idealities in real systems such as sidewall roughness.
To circumvent these challenges we adopt a simple model of our six-port coupler. This model is
constructed from three sequential unitary scattering matrices (i.e. U = U1 ·U2 ·U1), the first coupling
light between the bus and mode 1 of the ring U1, the second scattering the bus to mode 2 U2, and a
third scattering the bus to mode 1 U1 (Fig. S10). Unitarity of each matrix conserves power through the
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AB
C
Figure S10: Minimal model of general reciprocal six-port scattering matrix. A subset of such scattering ma-
trices are described by three sequential unitary transformations: (A) scattering between the bus and port 2, and
(B) scattering between the bus and port 1. (C) Resultant six-port scattering from scattering in (B), (A), and (B)
sequentially.
coupler and symmetry ensures reciprocity. These two scattering matrices are given by
U2 =
0@ r2  iµ2 0 iµ2 r2 0
0 0 1
1A (90)
U1 =
0BBB@
q
1+r1
2 0  i µ1p2(1+r1)
0 1 0
 i µ1p
2(1+r1)
0
q
1+r1
2
1CCCA (91)
U1 ·U1 =
0@ r1 0  iµ10 1 0
 iµ1 0 r1
1A , (92)
where unitarity requires that µ1 =
p
1  r21 and µ2 =
p
1  r22, and where we have factored the
“rotation by µ1” from the bus to mode 1 into two.
While this approach fails to capture the most general six-port scattering physics, it does capture the
salient features of six-port couplers and offers a simple tractable model described entirely by two free
parameters.
Before moving on, we mention that we have explored the most general model to describe a lossless
reciprocal 6-port coupler. However, the large number of parameters (5 + global phase) are undercon-
strained by our transmission spectra measurements, with families of parameters giving equally valid
descriptions of our data. Furthermore, we find that the output of this general model yield properties of
the optical modes in the ring in quantitative agreement with the simple model given above.
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Figure S11: Transmitted pump power as a function of wavelength (open red circles). The black line is a fit of our
transmission spectrum model to these data.
3.7 Inter-modal ring resonator characterization
Having established the basic physics of multi-mode ring resonators, we analyze transmission spectra
measurements of our system to obtain the group velocities, frequencies, and loaded optical decay rates
(see section 6.1). We model the transmission spectra using Eq. 87 and using the minimal mode for a
three port coupler described by the scattering matrix given in Eq. 90. In addition, a slow wavelength
dependent shift in the average transmitted power is added to our model to account for changes in the
coupling efficiency as a function of wavelength (19). The result of fitting this model to the measured
transmission spectra are shown in Fig. S11. This fitting procedure, in addition to SIMS measurements
in linear waveguides, yields the model parameters describing our multimode Brillouin resonator given in
section 6.1.
The decay rates presented in section 6.1 were obtained by an eigenfrequency analysis of the ring
resonator, using the fitted scattering matrix. Eqs. 83 and 84 imply that the optical field in the ring
is described by a set of lossy modes, characterized by complex eigenfrequencies. A subset of these
eigenfrequencies are separated by 6.02 GHz, the frequency of the phonon that participates in Brillouin
scattering. These pairs of modes are responsible for Brillouin lasing. Once these modes are identified,
the decay rate can be obtained from the imaginary parts of the eigenfrequency.
The obtained decay rates given above can be checked by assuming negligible crosstalk between the
optical modes in the ring, which is approximately valid in our system. When this is true the parameters
r1 and r2 can be added to the bare decay rates, i.e. the decay rates of the fields in a linear waveguide, to
estimate the loaded decay rate which accounts for coupling loss. These relations are given by
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 ⌫p ⇡ vg,p
2⇡
(↵p   2
L
ln r2) = 489 MHz (93)
 ⌫s ⇡ vg,s
2⇡
(↵s   2
L
ln r1) = 86 MHz, (94)
showing the self-consistency of our analysis. The small difference between the tabulated decay rates and
the decay rates given above is due to a small amout of coupling between the ring resonator modes.
3.8 Laser power conversion factor
Our scattering theory treatment of the ring resonator allows us to estimate the ratio of intracavity laser
power to output laser power, the amount exiting the resonator on the bus waveguide. This parameter
is necessary to compare our simulations of the laser physics to our measurements. For the modes re-
sponsible for lasing we find a power conversion factor of 0.03. However, this parameter is relatively
unconstrained by our transmission spectra data as it depends strongly on the relative phase between the
two optical spatial modes exiting the 6-port coupler (as discussed in section 3.5). By fitting various forms
of the scattering matrix to the transmission spectrum, we have found a range of conversion factor values
that are consistent with the measured transmission spectra. For this reason, we will treat this conversion
factor as a fit parameter in our theory-experiment comparisons. We find that our measurements of slope
efficiency and the pump-Stokes beat-note linewidth are best described for a power conversion factor of
0.0075.
4 Data analysis
In this section, we describe the methods used to analyze the experimental data.
We use high-resolution heterodyne spectroscopy to characterize the power and linewidth of the emit-
ted Stokes light. This involves synthesizing an optical local oscillator (LO), which is 44 MHz blue-
detuned from the incident pump field, and combining it with the emitted Stokes light on a high-speed
photoreceiver (see Fig. 2A of Report).
Through careful calibration of the detector response and the optical local oscillator power, these
microwave spectra provide an accurate measure of the Stokes power as well as the optical linewidth
relative to that of the pump wave. By simultaneously measuring the power and the heterodyne beat
note from a reference pump wave (beat note produced by the reference pump wave and the LO), we
can calibrate the power spectral density of the microwave spectrum—thus allowing us to determine the
emitted Stokes power. Also, because the optical LO is synthesized from the pump laser, the heterodyne
beat note gives an accurate measure of the emitted Stokes linewidth when the emitted Stokes spectrum
is broader than the pump laser (below threshold). Above threshold (when the beat note linewidth is
much smaller than that of the pump linewidth), we use the sub-coherence self-heterodyne technique to
characterize the pump-Stokes coherence, as detailed in section 2 of the supplement.
4.1 Slope efficiency
In Fig. 2B of the main text, we plot the Stokes power as a function of injected pump power. The output
(on-chip) Stokes power is determined through a calibrated heterodyne measurement. While perform-
ing this heterodyne spectroscopy, we simultaneously measure the input and transmitted pump powers
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through the chip. By monitoring the input and transmitted pump powers and using the racetrack res-
onator properties analyzed in Section 3 (including coupling and linear loss), we infer the detuning of
the pump from resonance and estimate the intra-cavity pump powers. The data presented in Fig. 2B
represent the measured Stokes powers (left y-axis) as a function of intracavity pump power (top x-axis).
For comparison, the bottom x-axis assumes a zero-detuned resonant enhancement factor (⇡ 1.8), show-
ing the effective input pump power. The right y-axis indicates the estimated intracavity Stokes power
assuming the intracavity to bus waveguide power conversion factor discussed in Section 3.8 (0.0075).
4.2 Linewidth measurements
This section discusses the analysis of the data presented in Fig. 3C of the Report.
4.2.1 Heterodyne measurements
Below threshold, we use standard heterodyne spectroscopy to determine the linewidth of the phonon
field (see Fig. 3A,C of the Report). To avoid spectral distortion due to pump mode hopping, we acquire
rapid spectral traces at different output Stokes powers. We then apply a moving average (with a bin size
smaller than linewidth to avoid distortion) to spectrally smooth the data for consistent Lorentzian fits.
The data presented in Fig. 3C are acquired using a resolution bandwidth of 20 kHz. Above threshold, the
phonon linewidths are resolution-bandwidth limited. To simplify the representation of the data in Fig.
3C, we only include spectral measurements below threshold.
4.2.2 Sub-coherence self-heterodyne measurements
We determine the excess phase-noise linewidth of the Stokes wave relative to the pumpwave (i.e., phonon
linewidth) above threshold using the sub-coherence delayed self-heterodyne technique discussed in Sec-
tion 2. To do this, we fit the theoretical spectrum (Eq. 73) to the measured spectra. We extract the phonon
linewidth by fitting the power, pump linewidth, and phonon linewidth to the peak spectral density and
the fringe-like portion of the spectrum (the feature highlighted in Fig. S7C), which is most sensitive to
phonon phase noise. This method is only possible at large Stokes powers, where there is sufficient signal
to noise so that the fringes do not become obscured by the noise floor.
As discussed in the Fig. S7 caption, instabilities in the fiber delay line of the interferometer add
approximately ⇠ 500 Hz of phase noise to the sub-coherence self heterodyne measurements (obtained
from a self-heterodyne measurement using an AOM as the frequency shifter). Therefore, to get an
accurate measurement the phonon phase-noise within the silicon Brillouin laser, we normalize our sub-
coherence self-heterodyne measured linewidths by subtracting the residual phase noise.
For a comparison with the spectral measurements below threshold (not resolution bandwidth lim-
ited), we convert the beat-note power into a peak spectral density (x-axis of Fig. 3C) by using the fact
that the integral of a Lorentzian is proportional to the peak height multiplied by the width. In this way, we
convert the sub-coherence spectrum into an equivalent Lorentzian that has a FWHM given by the mea-
sured linewidth and a peak height given by the peak spectral density. Thus, by dividing the Stokes power
by the measured linewidth (and multiplying by 2/⇡), we obtain the equivalent peak spectral density used
for this comparison (plotted in Fig. 3C of the main text).
As discussed in Section 2.2, these sub-coherence self-heterodyne measurements demonstrate the
pump-Stokes coherence produced by optical self-oscillation in this system. While these data permit a
measurement of the phonon linewidth and corroborate the regime of dynamics (presence of fringes and
measurements of phonon linewidths below that of the pump, see Section 2.2.a-b), the data do not yield
sufficient precision to clearly determine the linewidth narrowing trend as function of total Stokes power.
To attain the necessary level of precision, this type of analysis would likely require more sophisticated
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control of all variables that influence laser oscillation. Nevertheless, these data establish an upper bound
on the phonon linewidths above threshold and clearly reveal the pump-Stokes phase coherence unique to
this limit of Brillouin laser oscillation.
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Figure S12: Above threshold Stokes and anti-Stokes spectra demonstrating 38 dB of anti-Stokes suppression.
5 Additional measurements and considerations
5.1 Anti-Stokes suppression
The inter-modal Brillouin scattering process provides intrinsic Stokes-anti-Stokes symmetry breaking
and single-sideband amplification. This unique property of the SIMS gain mechanism permits a large de-
gree of anti-Stokes suppression (38 dB) of the output spectrum. As discussed in the main text, the Stokes
phonons (generated from the pump and Stokes waves propagating in distinct optical spatial modes)
cannot mediate the anti-Stokes process. Above threshold, the strong and mutually coherent pump and
Stokes waves set up an acoustic grating, which—if the pump propagates purely in the anti-symmetric
mode—phase matches only to the Stokes process. However, in practice a small fraction of the pump
light couples into the wrong (symmetric) spatial mode; pump light propagating in this spatial mode can
interact with the strong acoustic grating and phase match in an anti-Stokes process, thus resulting in a
small anti-Stokes sideband.
5.2 Output coupling and slope efficiency
Increasing the output Stokes coupling can enhance the slope efficiency, but this will also degrade the
optical Q-factor and consequently raise the threshold pump power. However, because this Brillouin laser
is under-coupled for the Stokes wave, the dominant source of loss limiting the Q-factor is the intrinsic
propagation loss of the symmetric mode. In this Brillouin laser, therefore, increasing the output coupling
can dramatically enhance the slope efficiency while only marginally raising the threshold power. Using
Eq. 44, we estimate that increasing the output coupling to 16% could increase the slope efficiency by
10 fold. To illustrate this dependence, Fig. S13 shows a comparison between the slope efficiencies with
various output Stokes couplings.
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Figure S13: Theoretical slope efficiency (Eq. 44) with various output Stokes couplings. The blue trace (output
coupling = 0.0075) represents the predicted slope efficiency for the laser studied in this work.
5.3 Additional sub-coherence self-heterodyne measurements with open-
loop laser
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Figure S14: Typical self-heterodyne spectrum and a fitted theoretical spectrum (see Section 2.2.1) of Brillouin
laser using an open-loop pump laser (Pure Photonics PPCL300) . This theoretical fit corresponds to a pump laser
linewidth of 32 kHz and an excess phase noise linewidth (phonon linewidth) of 1.73 kHz, demonstrating (1) the
pump-Stokes phase coherence unique to this limit of Brillouin dynamics and (2) a phonon linewidth far below that
of the pump laser.
We found it most practical to use the Agilent 81600B as the pump laser for our measurements due
to its frequency agility and wavelength sweeping features, which allow us to quickly and systematically
characterize the system. It does, however, exhibit additional phase-noise characteristics (slight deviations
from theoretical sub-coherence spectrum, see Fig. S7); these features are due to low-frequency locking
electronics and are common in lasers that use active locking for stabilization. To crosscheck these mea-
surements, we have also used a thermally-tunable, open-loop diode laser that exhibits superb agreement
with sub-coherence spectrum. Using this laser, we observe exceptional agreement between the measured
and predicted spectrum (see Section 2.2.b), corroborating the results obtained from our initial analysis.
In Fig. S14, we have included an example sub-coherence self-heterodyne spectrum of our silicon
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Brillouin laser using an open-loop pump laser (Pure Photonics PPCL300). This particular spectrum was
measured using a laser device with a slightly different length (3.06 cm circumference). Note that side-
bands due to frequency stabilization electronics are absent from this measurement. The fitted spectrum
in Fig. S14 corresponds to a phonon linewidth is 1.73 kHz (and pump linewidth of 32 kHz), revealing
similar phonon linewidths under similar conditions using the Agilent 81600B.
5.4 Inter-modal Brillouin laser concept
This Brillouin laser design—made possible by the forward inter-modal scattering process—is quite dif-
ferent from the geometries of previous Brillouin laser systems. These fundamental distinctions in device
concept alleviate a number of challenges facing on-chip integration of Brillouin lasers. Since conven-
tional Brillouin lasers are based on backward SBS, they invariably produce Stokes laser emission in the
backward direction. In many cases, this poses a significant challenge for integration; such Brillouin
lasers would likely require on-chip circulators and isolators to protect the pump laser from unwanted
feedback. However, the absence of mature isolator and circulator technology remains a serious obstacle
facing the field of integrated photonics. By contrast, this silicon Brillouin laser uses a forward Brillouin
scattering process, which produces Stokes emission in the forward direction. In this way, the inter-modal
forward Brillouin laser geometry avoids the need for isolators and circulators. Moreover, since the for-
ward Brillouin scattering process is created using structural control, this device concept is quite general
and in principle, can be translated to a number of material systems.
Beyond its suitability for integration, this inter-modal Brillouin laser yields flexibility in design and
control of dynamics in ways that are difficult to achieve in Brillouin lasers that use backward stimulated
Brillouin scattering. In particular, the multimode nature of the inter-modal Brillouin process permits
independent tuning of the dissipation rates and cavity enhancements for the two spatial modes, allowing
us to precisely shape the energy transfer between pump and Stokes waves. This is different from con-
ventional Brillouin lasers, where the pump and Stokes light propagate in the same spatial mode and have
nearly identical dissipation rates. If, through Brillouin laser oscillation, the Stokes wave becomes strong
enough in conventional systems, it can reach the lasing threshold to produce cascaded energy transfer to
successive Stokes orders. In contrast, this inter-modal system allows us to precisely control the degree
to which cascading can or cannot occur. For example, by tailoring the Q-factor of the pump wave, we
can precisely engineer the Stokes-power threshold required for cascaded energy transfer. Alternatively,
we can completely suppress cascading by engineering the mode spectrum such that the 2nd Stokes order
wave is not supported by a cavity mode. This is the strategy used in our current system to suppress
cascading.
In addition, the tailorability afforded by the inter-modal Brillouin scattering process allows us to
optimize this laser design according to any number of constraints. In contrast with Raman and Kerr non-
linearities, whose properties are principally governed by the waveguide material, Brillouin nonlinearities
are exceptionally tailorable through device geometry. In fact, it is possible to engineer a range of essen-
tial characteristics of this Brillouin nonlinearity, including resonance frequency, acoustic dissipation rate,
and Brillouin gain (15, 16). Beyond modifying the waveguide properties, the multi-mode nature of this
inter-modal Brillouin interaction permits great flexibility in the design of the laser cavity. This is because
this inter-modal Brillouin laser topology permits phase-matching to be satisfied over a tremendous range
of resonator dimensions. By reducing the footprint and increasing the cavity finesse, we can significantly
increase the resonant pump-power enhancement, thereby dramatically lowering the laser threshold. For
example, a 100⇥ size reduction could permit resonant power enhancements of ⇠ 180, pushing the laser
threshold below 100 µW.
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6 Methods
6.1 Experimental Parameters
Optical properties value
L 4.576 cm
FSR (symmetric) 1.614 GHz
FSR (anti-symmetric) 1.570 GHz
r2 0.54
µ2 0.84
r1 0.97
µ1 0.24
↵2 15.8 m 1
↵1 6.0 m 1
vg,2 7.163 ⇥107 m/s
vg,1 7.385 ⇥107 m/s
 2 2⇡ 481 MHz
 1 2⇡ 83 MHz
Ithreshold 5.4⇥ 106 Wcm 2
Pump linewidth 13 kHz
Table S1: Optical parameters
Acoustic properties value
⌦b 2⇡ 6.02 GHz
g 11.1 kHz
 0 2⇡ 13.1 MHz
q 4.5⇥ 105 m 1
vb,group 826 m/s
vb,phase 8.4⇥ 104 m/s
Table S2: Acoustic parameters
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Nonlinear optical properties value
Brillouin Gain
Gb 400 W 1m 1
Kerr coefficients
 11k 74± 11 m 1W 1
 22k 71± 11 m 1W 1
 12k =  
21
k 44± 7 m 1W 1
TPA coefficients
 11 34± 10 m 1W 1
 22 30± 9 m 1W 1
 12 =  21 20± 6 m 1W 1
FCA coefficients
 111 900± 400 m 1W 2
 222 720± 430 m 1W 2
 211 ⇡  122 310± 200 m 1W 2
Table S3: Nonlinear optical parameters
6.2 Device fabrication
The Brillouin laser devices were fabricated on a silicon-on-insulator chip with a 3 µm oxide layer beneath
a 215 nm-thick crystalline silicon layer. The waveguides were patterned using electron beam lithography
on hydrogen silsesquioxane photoresist. After development in MicropositTM MFTM-312 developer, a
Cl2 reactive ion etch (RIE) was used to create the ridge structures. Following a solvent cleaning step,
slot structures were written with electron beam lithography on ZEP520A photoresist and Cl2 RIE. The
device was then wet released via a 49% hydrofluoric acid etch of the oxide layer. The laser structure
reported here consists of two regions of 436 suspended segments each and has a total length of 4.576 cm.
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